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Abstract

Federated learning (FL) involves training a model over massive
distributed devices, while keeping the training data localized and
private. This form of collaborative learning exposes new tradeoffs
among model convergence speed, model accuracy, balance across
clients, and communication cost, with new challenges including:
(1) straggler problem—where clients lag due to data or (comput-
ing and network) resource heterogeneity, and (2) communication
bottleneck—where a large number of clients communicate their
local updates to a central server and bottleneck the server. Many
existing FL methods focus on optimizing along only one single
dimension of the tradeoff space. Existing solutions use asynchro-
nous model updating or tiering-based, synchronous mechanisms to
tackle the straggler problem. However, asynchronous methods can
easily create a communication bottleneck, while tiering may intro-
duce biases that favor faster tiers with shorter response latencies.

To address these issues, we present FedAT, a novel Federated
learning system with Asynchronous Tiers under Non-i.i.d. train-
ing data. FedAT synergistically combines synchronous, intra-tier
training and asynchronous, cross-tier training. By bridging the
synchronous and asynchronous training through tiering, FedAT
minimizes the straggler effect with improved convergence speed
and test accuracy. FedAT uses a straggler-aware, weighted aggre-
gation heuristic to steer and balance the training across clients
for further accuracy improvement. Fed AT compresses uplink and
downlink communications using an efficient, polyline-encoding-
based compression algorithm, which minimizes the communication
cost. Results show that FedAT improves the prediction performance
by up to 21.09% and reduces the communication cost by up to 8.5X,
compared to state-of-the-art FL methods.
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1 Introduction

The number of intelligent devices, such as smartphones and wear-
able devices, has been rapidly growing in the last few years. Many of
these devices are equipped with various smart sensors and increas-
ingly potent hardware that allow them to collect and process data at
unprecedented scales. With advanced machine learning techniques
and the growth in computation power of these devices, federated
learning (FL) has emerged as a novel machine learning paradigm
that aims to train a statistical model among a large number of edge
device nodes (clients'), as opposed to traditional machine learning
training at a centralized location [21, 30]. FL has been used in many
application domains, including predicting human activities [9, 10],
learning sentiment [41], language processing [15, 25, 49], and en-
terprise infrastructures [29].

In a typical FL framework, a shared model is learned from a
federation of distributed clients with the coordination of a server,
and clients do not share data with each other due to security and
privacy reasons [35, 43]. Each client trains a local model using its
(decentralized) local data.

FL often involves a large number of clients, which feature highly
heterogeneous hardware resources (CPU, memory, and network
resources) and Non-i.i.d. (non-independent and identical) data;
that is, the training data distributed across the clients is often non-
uniform, since the data generated by a given client is typically
based on the usage of that particular edge device and would not be
representative of the overall population distribution [26, 30, 39, 53].
The resource and data heterogeneity present unique challenges to
FL algorithms. In addition, with large number of clients, how clients
communicate with server becomes a crucial design choice. Most
existing FL frameworks can be divided into two communication

!We use “clients” and “devices” interchangeably in the paper.
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modes: (1) synchronous communication (e.g., Federated Averag-
ing, or FedAvg [30]), or (2) asynchronous communication (e.g.,
FedAsync [48]). When there are stragglers (i.e., slower clients) in
the system, which is common especially at the scale of hundreds of
clients, asynchronous approaches are more robust. However, most
asynchronous implementations suffer communication bottleneck
as all the clients can asynchronously talk to the server, and clients
are limited by their communication bandwidth. Therefore, in this
paper, we focus on two significant challenges of federated learning:
Stragglers. Recent research efforts in synchronous FL assume: i)
no resource or data heterogeneity [36, 39], or ii) all the clients are
available during the whole training process [34, 53]. However, in
practice, clients may come (online) and go (offline) frequently, or lag
due to resource/data heterogeneity (i.e., stragglers). Existing syn-
chronous FL solutions (e.g., Federated Averaging, or FedAvg [30])
synchronously aggregates model updates, where the server has
to wait for the slowest clients, therefore, leading to significantly
prolonged training time.

Communication Bottleneck. To solve the straggler problems in
synchronous FL, asynchronous FL approaches [9, 48] were pro-
posed, where the server can aggregate without waiting for the
straggling clients. Unlike synchronous FL where only a portion
of sampled clients communicate with the server in each training
round, in an asynchronous FL setting, the server communicates
with all the clients asynchronously; therefore, the server can easily
become a communication bottleneck with tens of thousands of
clients updating the model simultaneously.

To overcome the deficiencies described above, we design and
implement FedAT, a novel communication-efficient FL approach
that combines the best of both worlds — synchronous and asyn-
chronous FL training — using a tiering mechanism. In FedAT, the
clients involved in a FL deployment are partitioned into logical
tiers based on their response latency (i.e., the time a client takes
to finish a single round of training). All the logical tiers in FedAT
participate in the global training simultaneously, with each tier
proceeding at its own pace. Clients within a single tier update a
model associated with that particular tier in a synchronous manner,
while each tier, as a logical, coarse-grained, training entity, updates
a global model asynchronously. Faster tiers, with shorter per-round
response latency, drive the global model training to converge faster;
slower tiers get involved in the global training by asynchronously
sending the model updates to the server, so as to further improve
the model’s prediction performance.

Uniformly aggregating the asynchronously updated tier model
into the global model may result in biased training (biased towards
the faster tiers), as more performant tiers tend to update the global
model more frequently than the slower tiers. To solve this issue, we
propose a new weighted aggregation heuristic, which assign higher
weight to slower tiers. Furthermore, to minimize the communica-
tion cost introduced by asynchronous training, FedAT compresses
the model data transferred between the clients and the server using
Encoded Polyline Algorithm. In a nutshell, FedAT synergizes the
four components together, namely, the tiering scheme, asynchro-
nous inter-tier model updating, the weighted aggregation method,
and polyline encoding compression algorithm, to maximize both
the convergence speed and the prediction performance while mini-
mizing communication cost.
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We make the following contributions in this paper:

e We design and implement FedAT, a novel, tiered, FL framework,
which updates local model parameters synchronously within
tiers and updates the global model asynchronously across tiers.

e We propose a new optimization objective with a weighted ag-
gregation heuristic, which the FL server uses to speed up the
model convergence and improve the prediction performance by
balancing the model parameters from different tiers.

e We provide rigorous, theoretical analysis for our proposed method

for both convex and non-convex objectives; our analysis shows

that FedAT has provable convergence guarantee.

We utilize a lossy compression technique—polyline encoding—to

compress the transferred model data between clients and server

to reduce the communication cost without affecting the model

accuracy.

o We evaluate FedAT extensively on a medium-scale, 100-client
cluster on Chameleon Cloud and a large-scale, 500-client cluster
on AWS EC2. Experimental results on five federated datasets
including CIFAR-10, Fashion-MNIST, Sentiment140, FEMNIST,
and Reddit under an FL benchmarking framework LEAF [6] show
that FedAT improves the prediction accuracy by up to 21.09%,
exhibits significantly less accuracy variance during the training,
and reduces the communication cost by up to 8.5x compared to
FedAsync [48].

2 Related Work
2.1 Stragglers in Federated Learning

The main premise of FL has been collective learning using a net-
work of computing devices such as smartphones and tablets. In such
a training environment that cannot be fully controlled, data hetero-
geneity and resource heterogeneity may cause stragglers [8], which
commonly exist in large-scale FL training scenarios [7, 38, 42]. Fur-
thermore, in real-world scenarios, these clients could be frequently
offline due to (computing/network) resource constrains. The as-
sumption made by FedAvg that all clients are available during the
whole training process is not practical.

Synchronous FL Frameworks. Li et al. [26] suggest to select a
smaller ratio of clients for training in each global iteration to allevi-
ate the straggler’s effect, while with more rounds for model con-
vergence. However our experiments in §7.5.1 show that selecting
less number of clients for each round produces lower performance.
Bonawitz et al. [4] proposes a naive clients selection strategy to miti-
gate stragglers, where 130% target number of clients are selected for
each round. With this approach, the slowest 30% is neglected. How-
ever, it comes with more communication cost and potential failure
in handling stragglers when the number of stragglers involved in
some rounds exceed the 30% tolerance. FedProx [24] tackles system
heterogeneity by using distinct local epoch numbers for clients.
However, choosing a perfect local epoch number for each client is
challenging in real-world applications.

TiFL [7] is a tier based FL framework that uses a synchronous,
intra-tier model updating scheme similar to that used in FedAvg.
The adaptive tier selection algorithm that TiFL relies on requires
collecting test accuracies of all clients every certain rounds. This
means higher communication costs and longer training duration.
Our experiments results in §7 show that this algorithm fails to
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achieve efficient communication given a high level of Non-i.i.d.-
ness with larger number of clients and may result in biased training
and lower accuracy. In real-world scenarios, however, it is possible
that a portion of clients are incorrectly profiled and assigned to
a wrong tier as clients’ response latencies may largely vary from
time to time. FedAT uses TiFL’s tiering approach but differs from
TiFL in that FedAT combines intra-tier synchronous training with
cross-tier asynchronous training to effectively mitigate training
biases. With our new asynchronous mechanism, FedAT can tolerate
mis-tiering caused by mis-profiling and performance variation.

Asynchronous FL Frameworks. Asynchronism is widely used
in distributed systems for shortening overall running time [11, 14,
27, 32]. Asynchronous FL frameworks [9, 28, 48] allow wait-free
communication and computation in order to address the straggler
problem. These asynchronous approaches, however, suffer from
high communication costs as they require much more frequent
communications between clients and the server. Worse, frequent
aggregation on the server side may lead to slow convergence speed.

2.2 Communication-Efficient Federated
Optimization

McMabhan et al. propose a FL approach called FedAvg [30], where
instead of communicating after every iteration, each client per-
forms multiple iterations of SGD to compute a weight update. By
reducing the communication frequency, FedAvg reduces the com-
munication cost and can work with partial client participation. In
a follow-up work, Kone¢ny et al. [21] propose two approaches to
reduce the uplink communication costs, i.e., structured updates
and sketched updates, combined with probabilistic quantization.
These two approaches, however, are only suitable for i.i.d. settings
in FL. For Non-i.i.d. settings, they can significantly slow down the
convergence speed in terms of SGD iterations.

In the broader realm of communication-efficient distributed deep
learning, a wide variety of methods has been proposed to reduce
the amount of communication during the training process. Chen
et al. [10] propose a layerwise asynchronous update scheme that
updates the parameters of the deep layers less frequently than
those of the shallow layers. Mills et al. [31] adapt FedAvg to use
a distributed form of Adam optimization and compress the up-
loaded parameters. Jeong et al. [17] develop federated distillation
that follows an online version of knowledge distillation to com-
press the model. Reisizadeh et al. [36] present a periodic averaging
and quantization approach to reduce communication costs. How-
ever, these works only target uplink communication compression
and are developed for synchronous frameworks that neglect the
real-world scenario where stragglers are common. In addition to
the above mentioned server-client topology, solving communica-
tion bottlenecks via quantization and compression has also gained
considerable attention in decentralized training [20, 37, 45]. While
such techniques can be used to reduce communication costs in FL,
a decentralized network topology in distributed learning without
a server is fundamentally different and is thus orthogonal to our
approach.

Our proposed communication-efficient federated learning frame-
work combines synchronous and asynchronous updates together
to mitigate the challenge associated with stragglers and improve
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model convergence rate. We apply a weighted aggregation strat-
egy on server to improve the model’s prediction performance and
compress both the uplink and downlink communications.

3 Preliminaries: Federated Learning and
FedAvg

FL algorithms involve hundreds to millions of remote devices train-
ing locally on their device-generated data, and collectively train a
global, shared model, under the coordination of a centralized server
serving as an aggregator. In particular, the FL algorithm optimizes
the following objective function:

K
flw) = 3 SR (), )

k=1

d
where Fi. (w) <f

of client k, and ¢;(x;, y;; w) is the corresponding loss function for
data sample {x;,y;}. K is the total number of devices. Dy for k €
{1,...,K} denotes data samples stored locally on device k. ny =
| Dy |, is the number of data samples on device k;and N = ZIk(=1 [ Dy
is the total number of data samples stored on K devices. Assuming
for any k # K, DN Dy = 2.

The ultimate goal is to find a model w, that minimizes the ob-
jective function:

ﬁ ZieDk i (xi, yi; w), is the local empirical loss

wy = argmin f(w). (2)

Algorithm 1: Federated Averaging Training Algorithm

Server: Initialize global weights w®
for each roundt =0toT — 1do
S = (random set of clients)
for each clientk € S in parallel do
L w]tc’rl = w —nVh(w’)
N
N =5

t+1 _ IS e o141
W =N N Yk

FedAvg [30] is a commonly used method to solve the optimiza-
tion problem defined in Equation 2 in a non-convex setting with a
synchronous update fashion. This method runs by randomly sam-
pling a subset of clients with a certain probability at each round;
each selected client performs E epochs of training locally on its own
data using an optimizer such as stochastic gradient descent (SGD).
The detailed process of FedAvg is shown in Algorithm 1. This kind
of local update methods enable flexible and efficient communication
compared to traditional mini-batch methods [44, 46, 50].

In a typical real-world scenario, the data stored across devices
follow a non-i.i.d. distribution. Although FedAvg can work with
partial client participation at each training round, training on Non-
ii.d. data may lead each client towards its local optimal model as
opposed to achieving a global optimal one.

In addition, slow clients (stragglers), which perform local training
at a relatively slower speed (due to weaker computing resources
and/or larger local data size), may have poor prediction perfor-
mance due to less training, and thus may prevent the shared model
from converging to a global optimal solution. Therefore, solving
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Figure 1: Overview of FedAT. tiery, ..., tierps are M tiers, and
t t . . . .
Wiiery = Weiery, A€ their according weights, respectively.
deCom denotes the decompression process of clients’ models
in a certain tier on the server.

Equation 2 in this synchronous manner can implicitly introduce
high variance in prediction performance given the existence of
straggling clients. To better evaluate the robustness of FL training
with stragglers, we define new metrics as a measure of the straggler
tolerance level in a typical FL setup.

Definition 3.1. (Robust training with straggling clients). For two
trained models w and w’, we say that model w is more robust
against straggling clients than model w’, if (1) model w converges
faster than model w’; (2) the test accuracy of model w for the K
clients, {Py, ..., Px }, exhibits lower variance than that of model w’
for the same set of K clients (where P, represents the test accuracy
of the model w over the testing data for client c), and (3) model w
has better prediction performance than model w’.

As discussed in the previous sections, the existence of strag-
glers causes longer training times and prevent the model from
converging to the optimal solution. The rational of using these
three metrics, namely, convergence speed, accuracy variance, and
prediction accuracy, as a means to quantify the robustness of a FL
approach against stragglers, is that: (1) stragglers not only cause
slow convergence speed, but also a loss in prediction performance,
and (2) existing literature fail to comprehensively consider all these
aspects [7, 9, 10, 17, 48].
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4 FedAT: Federated Learning with
Asynchronous Tiers

FedAT consists of three main components: (1) a centralized server
for global model synchronization; (2) a group of clients that are log-
ically partitioned into different performance tiers; and (3) a tiering
module that profiles clients’ training performance and performs
client tiering based on the response latency of each client.

We next illustrate the FL training process of FedAT (as depicted in
Figure 1 and listed in Algorithm 2). The tiering module profiles and
partitions the involved clients into M tiers based on their response
latencies: {tiery, tiers, ..., tierps}, where tier is the fastest tier and
tierps is the slowest tier. The server maintains a list of M models,

{w! wt. 1 one for each tier, reflecting the most updated

tiery’ "' Vtiery
view of per-tier local models, at a certain round t. Correspondingly,
the server also maintains a global model w that gets asynchronously
updated from M tiers.

Each tier performs synchronous update process, a fraction of
clients (S) are selected randomly and compute the gradient of the
loss on their local data, then send the compressed weights to the
server for a synchronous and update the tier model on server.

Figure 1 shows an example of the intra-tier synchronous and
cross-tier asynchronous training process. At time ¢4, the clients
in tier; quickly finish their local training, compress their trained
models and send to the server. The server then performs the follow-
ing steps: (1) decompresses the local models received from tiers,
(2) applies synchronous update to the received models of tier; and
get wg er, (highlighted in red color in Figure 1), and (3) aggregates
the latest updates sent from all the tiers (including tier;) using a
weighted average aggregation method (see §4.2), to generate a new
global model w1,

At time £y, the last client of tier; finishes its local training and
sends the compressed model to the server. The server follows the
same procedure as tier] to get a new global model w?. Then the
server sends the latest global model w? to the next ready tier (in
this example tier;) and starts the next round. Note that a tier in
FedAT directly interacts with the server to update the global model
whenever it finishes a round of local training, thus forming an
asynchronous, cross-tier process.

Since clients are partitioned into tiers based on their response
latencies and the tiers asynchronously update the global mode,
stragglers may not become a performance bottleneck that would
otherwise slow down the global training progress. However, as the
server interacts more frequently with the faster tiers than with
the relatively slower ones, this would inevitably lead to biases
towards the faster tiers. To address this issue, we introduce a new
objective onto the server-side optimization, which uses a weighted
aggregation strategy to more fairly balance the mode updating
processes from different tiers.

4.1 Training at Local Clients

As mentioned in §3, for training with Non-i.i.d. data, frequent local
updates may potentially cause the local models to diverge due to the
varying updating frequency of different tiers and the underlying
data heterogeneity. We add a constraint term to the local subprob-
lem by restricting the local updates to be closer to the global model.
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Thus, following [24, 52], instead of just minimizing the local func-
tion Fy , client k applies an update with the constraint using the
following surrogate objective hy:

A
hic(wie) = Fie(wie) + 1wy = %, ®)

where wy, w are the local model of client k and server model,
respectively.

We use fier,, (W) as the weighted average of the models from the
selected clients within tiery,. Assuming at round t, tier,, happens
to be in communication with the server, we have the update of
frier,, (W) as follows:

A
_ 3
frierp, (W) = ; Vchk(Wk)

©

ISe | ny 1
= 20 Felwi) + 5l = wll).
k=1

c

where S, |S¢|, and N, denote a subset of randomly selected clients
in tiery,, the number of selected clients in tiery,, and the total
number of data samples in S;, respectively.

The constraint term addresses the issue of Non-i.i.d. by restrict-
ing the local updates to be closer to the global model. In the ideal
situation, with A = 0, and all clients share the same latency, thus
we get one tier and FedAT becomes FedAvg.

4.2 Cross-Tier Weighted Aggregation

A straightforward idea to achieve unbiased, more balanced training
is to assign relatively higher weights to slower tiers that update
less frequently, so that the global model would not bias towards the
faster tiers. To this end, FedAT uses a new cross-tier, weighted ag-
gregation heuristic, which dynamically adjusts the relative weights
assigned to each tier based on the number of times a tier has updated
the global mode. The goal of the weighted aggregation heuristic is
to help the global training converge faster.

Assuming there are M tiers, the number of updates from each tier
till now is Tyier,, Ttierys ---» Ttiery» respectively, and the total number
of updates from all the tiers till now is Tyier, + Trier, +... + Ttiery, = T,
we define the objective function of FedAT as:

_ M Ttier(MJrlfm) .
fOw) = ) = frier,y (w), 5)
m=1

Tiier,
where T Mr1om)

is the relative weight of tiery,, and Z%:]
= 1. To understand the heuristic, a relatively slower tier with a tier
number m would get assigned a relatively larger weight value,

Bteripsam) d latively f: i
——, as M + 1 — m corresponds to a relatively faster tier,

tier(p41-m), whose historical updating frequency Trier(pp,;_,, 1S
expected to be higher. In this way, FedAT can dynamically steer
and balance the global model training, avoid potential bias towards
a subset of faster tiers, and effectively improve the convergence
rate. The approach of FedAT is detailed in Algorithm 2.

Ttier(M+1_m)
T
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Algorithm 2: FedAT’s Training Process

Input: wijer,,, t, T and Tyier,,. Wrier,, denotes the weights
of Tier m. t represents the global round ¢. T is the
maximum global rounds. Tyjer, is the number of
updates of tier m

Server: Initialize Wrier,, Wrier, .- Wtier,, to w'. Initialize

t, Trier, .- Ttierp; t0 O

for each tier m € M in parallel do

while t < T do

wh = WeightedAverage(w;ier,, Wrier, .- Wtiery;)

S = (random set of clients from tier m)

for each client k € Sy, in parallel do

L ng = | Dl
wlt:l = w]tC - nVh(w?)

Sm
N¢ = Z,lczl ! ng

[Sml ne 41
Wtier,, = Zk:rln Ne Wk

Trier,, = Ttier,, +1
L t=t+1

function WeightedAverage(wyier,, Wrier, .- Wriery)
if t == 0 then

| return w'
else

T .
M tzer(M+l_ )
L return Y, ——T—"" * Wtier,,

4.3 Compression, Marshalling, and
Unmarshalling

Previous work on communication-efficient FL mentioned in §2 al-
most exclusively consider i.i.d. data distribution among the clients,
which is not practical in real-world scenarios of FL, where the
client data typically follows a Non-i.i.d. distribution [30]. As studied
in [39], many compression methods [3, 40] suffer from slow con-
vergence rates in the Non-ii.d. cases. Non-ii.d. often introduces di-
vergence of model weights collected from resource-heterogeneous
clients. Due to such divergence, some lossy compression methods
such as quantization and dequantization [51] may inevitably lead
to huge errors and reduce global performance. Furthermore, as
asynchronous FL methods aggregate more frequently than syn-
chronous FL methods, highly frequent updates drastically amplify
such divergence, and result in a poor global performance. Therefore,
with frequent communications in asynchronous FL approaches, it
is crucial to select a compression technique that can efficiently
reduce the communication cost while effectively guaranteeing a
fast convergence to the optimal solution.

To this end, we design a simple yet effective compression scheme
based on Encoded Polyline Algorithm 2 (or polyline encoding).
Polyline encoding is a lossy compression algorithm that converts
a rounded binary value into a series of character codes for ASCII
characters using the base64 encoding scheme. It can be configured
to maintain a configurable precision by rounding the value to a spec-
ified decimal place. With the appropriate precision, the model could
achieve the largest communication saving and minor performance
loss. Our experiments show that it can achieve a high compression

2https://developers.google.com/maps/documentation/utilities/polylinealgorithm
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ratio of up to 3.5x under the FL communication scenarios. (We eval-
uate the effectiveness of compression in §7.2.) FedAT compresses
both the uplink and downlink communications. The process is as
follow: (1) FedAT flattens (marshalling) the weights of each layer
to get a list of decimal values. (2) Then, using polyline encoding,
every decimal value in the list gets converted into a compressed
ASCII string; along with the compressed weights, the dimensions
of the weights of each layer is transmitted as well. (3) When the
server/clients receive the compressed weights, a decompression
process is performed, and then the decompressed weights are re-
shaped back (unmarshalling) to the original dimensions based on
the dimension information received.

5 Convergence Analysis

In this section, we show that FedAT converges to the global opti-
mal solution for both strongly convex and non-convex functions
on Non-ii.d. data in theory. It is consistent with our experiments
results shown in Figure 3. First, we introduce the definitions and
assumptions as follows.

Definition 5.1. (Smoothness) The function f has Lipschitz contin-
uous gradients with constant L > 0 (in other words, f is L-smooth)
if Vx 1, X2,

FG) = fG) < (Vf Gl =)+ 5l =l (6)

Definition 5.2. (Strong convexity) The function f is u-strongly
convex with p > 0 if Vxy, x2,

Slxr) = fx2) 2 (Vf(xz), x1 —x2) + g||x1 -xlf @)
Definition 5.3 has been made by the work [24].

Definition 5.3. (y-inexactness) For a function h(w) = F(w) +
’% [|lw—wpg||?, and y € [0, 1]. w* is a y-inexact solution for min,, h(w)
if ||[VA(w*)|| < y[|[Vh(wo)]|, where VhR(w) = VF(w) + A(w — wy).

According to [23], this definition aims to allow flexible perfor-
mance of local clients in each communication round, such that
each of the local objectives can be solved inexactly. The amount of
local computation vs. communication can be tuned by adjusting
the number of local iterations, i.e., more local iterations indicates
more exact local solutions.

Further, we make the following assumptions on the objective
functions:

Assumption 5.1. The central objective f(w) is bounded, i.e., min f(w) =

F(wy) > —oo.

Assumption 5.2. The expected squared norm of stochastic gradi-
ents is uniformly bounded, i.e., there exists a scalar G, such that
E||VF(wH)||? < G?, allt =0,..,T - 1.

Assumption 5.3. With §;(w') (G: = Z]'C"ZI K]—thk(wt)) as the
averaged gradients from a certain tier with m clients, there exists a

scalar o > 0 such that V£ (wh) TE(G; (wh)) = o|[Vf(wh)]|2.

Assumption 5.1 is easy to satisfy as there exists a minimum value
for the central objective f(w). The conditions in Assumption 5.2
on the variance of stochastic gradients is customary. While this is
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a much weaker assumption compared to the one that uniformly
bounds the expected norm of the stochastic gradient. Assumption
5.3 ensure that the gradient of local tier g; is an estimation of
Vf(w?). And as o = 1, we have §; as the unbiased estimation of
Vf(wh).

To convey our proof clearly, we first introduce and prove certain
useful lemmas.

Lemma 5.1. With Definition 5.3, the local functions h(-) are y-
inexact. For aggregated tier model §;(w"), we have

Ellge (wh)|I* < y*G%¢%, ®)
where c is the total number of clients within the given tier.

Lemma 5.2. If f(w) is p-strongly convex, then with Definition 5.2,
we have:

2u(f(w') = fw) < [IVF(w)II2. ©)

We show that the averaged model of local tier is bounded in
Lemma 5.1. The detailed proof is in Appendix A.1. While the proof
of Lemma 5.2 is supported by the literature [5, 33], we also provide
a detailed proof in Appendix A.2.

Theorem 5.1. Suppose that the central objective function f(w) is L-
smooth and pi-strongly convex. The local functions h(-) are y-inexact.
Let Assumption 5.2 and Assumption 5.3 hold. After T global updates
on the server, FedAT converges to a global optimum w:

E[f(w]) = f(w.)]

L (10)
= (1= 2uByo) " (f(w") = f(wa)) + Jn’y* B2 G,

where c is the total number of clients within one tier, and B =
Ttier(A’}I‘+1_m) S l

We direct the reader to Appendix A.3 for a detailed proof. The
convergence bound in Theorem 5.1 depends on the local constrain
1, weighted parameter B and learning rate 5. Note that B varies
in each global iteration because the update number of each tier
changes at every global iteration.

Theorem 5.2. Suppose that the central objective function f(w) is
L-smooth and non-convex. The local functions h(-) are y-inexact. Let
Assumption 5.1, Assumption 5.2 and Assumption 5.3 hold, then after
T global updates we have:
T-1
D BE[VF(wo)ll’]
t=0 (1 1)
_FON = fw) |
no
; where c is the total number of clients within one tier, and B =
zier(A;H_m) <1

L
Z T2 2BG2 2,
% ny ¢

6 Experimental Setting

Federated Datasets. We evaluate FedAT using five different fed-

erated datasets and an FL benchmarking framework LEAF [6] on

both convex and non-convex models described as follows:

o CIFAR-10: The CIFAR-10 [22] dataset consists of 60,000 32 X 32
colour images in 10 classes, with 6000 images per class. There
are 50, 000 training images and 10, 000 test images. We partition
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the dataset into 100 clients and follow the same Non-i.i.d. setting
of CIFAR-10 as [30].

o Fashion-MNIST: Fashion-MNIST [47] is a dataset that contains a
training set of 60, 000 examples and a test set of 10,000 examples.
Each example is a 28 X 28 grayscale image, associated with a label
from 10 classes. We use the same number of clients and Non-i.i.d.
setting as CIFAR-10.

e Sentiment140: Sentiment140 [12] is a text dataset that contains
1,600, 000 tweets, and the tweets are labeled with one of negative,
neutral and positive. Each twitter account corresponds to a client.

e FEMNIST: FEMNIST [6] is an image dataset that consists of
805, 263 samples. There are a total of 62 classes, where all the
samples are distributed to 3, 550 clients with inherent data het-
erogeneity and Non-i.i.d.-ness.

e Reddit: Reddit [6] is a text dataset that contains processed com-
ments posted on Reddit in December 2017. It has a total of
56, 587,343 samples collected from 1, 660, 820 Reddit users.

FL Methods. We compare FedAT against five synchronous and
asynchronous FL methods:

e FedAvg [30]: A baseline synchronous FL method proposed by
McMabhan et al. At each round, a certain ratio of total clients are
randomly selected for training, the server aggregates the weights
received from selected clients in an average manner.

TiFL [7]: A synchronous FL method that partitions training
clients into different tiers based on their responding latency.
For each round, one tier is selected according to a novel adap-
tive selection strategy which is related to the test accuracies of
all tiers, then certain number of clients in that tier are selected
for training. The aggregation method of TiFL is adopted from
FedAvg.

FedProx [24]: A synchronous FL method that claims to handle
stragglers due to system heterogeneity across all clients by apply-
ing different local epochs for clients. Also FedProx adds proximal
term to the objective on the clients for improving performance
and smoothing the training curve.

FedAsync [48]: A baseline asynchronous FL method using weighted
averaging to update the server model. Different from previous
synchronous FL methods, all clients train concurrently, when
the server receives weights from any client, the weights are
weighted averaged with current global weights to get the latest
global weights, then communicate to all available clients at that
time for training.

ASO-Fed [9]: An asynchronous FL framework designed for online
data. Unlike FedAsync, ASO-Fed adds local constraints on the
client side. ASO-Fed maintains a copy of weights for each client
on the server side, and it calculates global weights by averaging
all the copies. Note that we compare ASO-Fed against Fed AT on
a large-scale, 500-client cluster on FEMNIST (§7.4).

7 Evaluation

Implementation and Setup. We have implemented FedAT and
the comparison FL methods all in TensorFlow [2]. For all the exper-
iments except FEMNIST and Reddit, we simulate a FL setup using
a 192-core cluster on Chameleon Cloud [1, 18], which consists of
three bare-metal servers, each with a 64-core Intel® Xeon® Gold
6242 CPU, and 192 GB main memory; we deploy the FL server
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exclusively on one server, and all clients on the other two servers,
where each client gets assigned one CPU core. We evaluate 100
clients in Chameleon Cloud tests.

For experiments on FEMNIST and Reddit, we deploy the FL
server exclusively on one c5.24xlarge virtual machine (VM) in-
stance (96 vCPUs and 192 GB memory) on AWS and 500 partici-
pating clients on a large-scale, 100-VM cluster, where each VM is a
c5.2xlarge instance with 8 vCPUs and 16 GB memory.

FedAT is configured to use Precision 4 as the precision of
the compressor (§7.2.2) throughout the evaluation for CIFAR-10,
Fashion-MNIST and Sentiment140.

Models. We train a convolutional neural network (CNN) on CIFAR-
10 and Fashion-MNIST. The network architecture includes three
convolutional layers, each with 32, 64 and 64 filters, followed by two
fully connected layers with units of 64 and 10. For Sentiment140, we
train a logistic regression model to evaluate the model performance
under a convex setting. For the FEMNIST dataset, we train a similar
CNN that classifies images. For the Reddit dataset, we train an
LSTM model [16]. The LSTM model starts with an embedding layer
with an input dimension of 10,000 and an output dimension of
128, followed by an LSTM layer with a dropout rate of 0.1, a batch
normalization layer and a dense layer with 10, 000 units.
Hyperparameters. We randomly split each client’s local data into
an 80% training set and a 20% testing set. For intra-tier synchronous
training, we adopt the same sampling scheme as FedAvg: sampling
clients (within a particular tier) randomly at each round. We use
Adam [19] as the local solver and set the local constrain parameter
A as 0.4. For each dataset, we tune the learning rate for FedAvg
using the following configuration: local epoch E = 3, batch size = 10;
we use the same learning rate for the other five FL methods. We
set the number of randomly selected clients as 10 for FedAvg, TiFL,
FedProx, and FedAT on all datasets.

Simulating Different Performance Tiers. Clients in FL are typ-
ically edge devices, and their computing power and network con-
nection may not be stable; hence simply assigning a fixed amount
of resources is not sufficient to reflect the real situation. Therefore,
we assign 1 CPU for each client during the whole training process
and add random delays to the computations conducted by clients;
the added random delay is to simulate different levels of straggler
effects that are caused by weaker computing powers and intermit-
tent network connections in a real-world FL setup. We first evenly
divide all the clients into 5 parts, then randomly assign delays of 0s,
0 ~ 55,6 ~ 10s, 11 ~ 15s, and 20 ~ 30s to the clients in each part at
every round, respectively. Each part is called one tier. To guarantee
fair comparison, each client, once selected, would follow a fixed,
pseudo-random mini-batch schedule. The same strategy is applied
to all the FL methods that we test (including FedAT’s intra-tier
synchronous training). Furthermore, to simulate unstable network
connections, for all the tests that we run, we randomly select 10
“unstable” clients, which would drop out at any time during the
training process. Once the client drops out, it will not come back
and rejoin the training process again.

7.1 Prediction Performance

Table 1 presents the results of the prediction performance and the
variance of the test accuracy on all the datasets. We report the
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Table 1: Comparison of prediction performance and variance to baseline approaches. #class indicates the number of labels (i.e.,
classes) each client has. The Accuracy rows show the best prediction accuracy that each FL approach reaches after each model
converges. The Norm.Var. rows show the average variance of test accuracy among all clients, normalized to that of FedAT. We
show FedAT’s absolute variance values (Abs.Var.). We show the absolute values for FedAT’s accuracy variance. impr.(a) and
impr. (b) are the accuracy improvement of FedAT compared with the best and worst baseline FL method, respectively. The best
performance results are highlighted in bold font.

'AR- ion-
Dataset(#class) CIFAR-10 Fashion-MNIST Sentiment140
#2 #4 #6 #8 iid. #2
TiFL Accuracy 0.527 0.615 0.654 0.655 0.685 0.859 0.739
Norm. Var. 1.26 2.79 1.33 1.3 2.12 1.29 2.75
Accuracy 0.547 0.628 0.654 0.667 0.686 0.842 0.741
FedAvg
Norm. Var. 2 5.07 4.33 3.1 4.23 1.86 3.72
Accuracy 0.509 0.609 0.624 0.650 0.669 0.831 0.742
FedProx
Norm. Var. 1.261 6.75 3.981 2.22 2.992 2.243 3.89
FedAsvnc Accuracy 0.480 0.541 0.531 0.561 0.567 0.795 0.740
Yy Norm. Var. 2 3.93 2.08 1.54 2.69 2 5.69
Accuracy 0.591 0.633 0.673 0.681 0.701 0.873 0.748
FedAT Abs. Var. 0.0042 0.0014 0.0012 0.001 0.00052 0.007 2.67¢7
impr.(a) 7.44% 0.79% 2.82% 2.05% 2.13% 1.6% 0.93%
impr.(b) 18.78% 14.53% 21.09% 17.62% 19.11% 8.93% 1.2%
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(a) CNN @ CIFAR-10. (b) CNN @ Fashion-MNIST. (c) Logistic @ Sentiment140.

Figure 2: Performance comparison of different FL methods on 2-class Non-i.i.d. CIFAR-10, Fashion-MNIST, and Sentiment140
datasets. Above (test accuracy timeline curves): The results are average-smoothed for every 40 global rounds. Bottom (bar
charts): the time it takes for each evaluated FL methods to reach a target accuracy of N% as specified in the X-axis’ labels.
(Note that FedAsync is not able to reach the target accuracy for CIFAR-10 and Fashion-MNIST, thus is omitted.)

best test accuracy after each training process converges within a
global iteration budget. For the 2-class CIFAR-10 dataset, FedAT
outperforms the best baseline FL method, FedAvg, by 7.44%, and
the worst baseline method, FedAsync, by 18.78%. Using the same
tiering scheme as TiFL, FedAT achieves consistently higher accu-
racy than TiFL for all the experiments. This is because: (1) the local
constraint forces local models to be closer to the server model, and
(2) FedAT’s new weighted aggregation heuristic can more effec-
tively engage the straggling clients from the slower tiers, leading
to better prediction performance (we evaluate the effectiveness of
our weighted aggregation method in §7.3). FedAvg has the closest

prediction performance as TiFL, because they both follow the same
synchronous updating strategy. FedAsync, on the other hand, per-
forms the worst, as it simply aggregates weights from one client at
around and has no effective way to deal with stragglers. The perfor-
mance difference can also be clearly noticed from the convergence
timeline graphs shown in Figure 2. FedAT converges faster towards
the optimal solution than all other three compared methods on
both the non-convex and convex objectives.

7.1.1  Impact of Non-i.i.d. Level. The models’ convergence behav-
iors are sensitive to the degree of Non-i.i.d. of the data distribution
across clients. Table 1 shows that, for the CIFAR-10 dataset, the test
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Figure 3: Convergence speed comparison on CIFAR-10 over different level of Non-i.i.d.-ness. The results are average-smoothed

for every 40 global rounds.
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Figure 4: Test accuracy as a function of the cumulative amounts of data uploaded from clients to the server for 2-class Non-i.i.d.
datasets. The performance curves are average-smoothed for every 40 global rounds. The X-axis is in log-scale.

Table 2: Amounts of data (MB) transferred between clients
and server to achieve the target accuracy on all datasets with
2-class Non-i.i.d. case. - means that the FL method is not able
to achieve the accuracy target within the iteration budget.
The best results are highlighted in bold font.

Method CIFAR-10 | Fashion-MNIST | Sentiment140
(acc. = 0.50) (acc. = 0.79) (acc. = 0.73)
FedAvg 1828.54 1048.25 16.71
TiFL 2140.71 1041.98 17.20
FedProx - 2169.95 18.42
FedAsync - 9895.53 82.27
FedAT 1675.82 1041.54 16.41

accuracy increases as the degree of Non-i.i.d. decreases (i.e., the
number of classes per client increases); accordingly, the variance
of the test accuracy decreases as the degree of Non-i.i.d. decreases
(i-e., the data is more evenly shuffled and each client covers all the
classes). Figure 2(a) (the timeline charts above) and 3 together show
a sensitivity analysis of the convergence rate as a function of the
Non-ii.d. (from two classes per client, to 8 classes per client, to
the i.i.d. case), on the CIFAR-10 dataset. We observe that FedAT
outperforms all the other four FL methods with higher prediction
performance across all different Non-i.i.d. levels. The most distinct

performance gap between FedAT and the other FL methods can
be observed in the 2-class Non-i.i.d. case, where each individual
client holds only 2 classes of data. Notably, FedAT improves the
prediction performance by as much as 8.04% compared to FedAvg.

7.1.2  Robustness to Stragglers. As defined in in Definition 3.1, the
robustness of a FL method against stragglers can be quantified using
the variance on the prediction performance and the convergence
speed. Table 1 shows that FedAT has consistently the lowest accu-
racy variance across all experiments. FedAvg observes significantly
higher accuracy variance, which are 1.86-5.07X higher than that
of FedAT. This is due to the compound effect of both synchronous
training and stragglers — synchronous training determines that
during each round only a subset of clients can get involved to con-
tribute to the global training, while the straggling clients are more
likely to have a less accurate model when they next get selected
(since they receive less training) by the server for training, thus
causing huge accuracy fluctuation of the global model.

The bar charts in Figure 2 presents a comparison of the training
time it takes for each FL method to achieve a target test accuracy.
For example, as shown in Figure 2(a) (bar chart at bottom), to reach
an accuracy of 47% for the CIFAR-10 CNN model, TiFL, FedAvg
and FedProx spend 5.27x, 5.67x and 5.82X longer time than Fe-
dAT. Fashion-MNIST show a similar trend. For Sentiment140, TiFL,
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Figure 5: Impact of FedAT’s compression precision on the
prediction performance and the communication cost, for
the CIFAR-10 Non-i.i.d. 2-class dataset. All results are plot-
ted with the average of every 40 global rounds.

FedAvg, FedProx and FedAsync take 3.39X, 5.41X, 4.49x and 0.3x
longer time than FedAT, respectively.

7.2 Communication Efficiency

7.2.1  Communication Cost. We next evaluate the network commu-
nication cost of FedAT in terms of the amount of data transferred
via network. Table 2 shows the amounts of data transferred between
the clients and the server (i.e., counting both model uploading and
downloading) in order to achieve the target accuracy. FedAsync
incurs the highest communication cost — about 9.5x of FedAT, and
is not able to reach the target prediction performance. This confirms
that severe communication bottleneck problem exists in asynchro-
nous FL methods, where the server simply communicates with all
the clients. FedAvg and TiFL have similar communication cost as
they both use the same synchronous updating mechanism. FedAT
incurs the lowest communication cost with compression technique
and the proposed weighted aggregation on server.

Figure 4 further compares the uploaded bytes (from clients to
the server) needed to reach a certain test accuracy. To achieve a rel-
atively higher accuracy, FedAT needs fewer bytes than all the other
three FL methods. More importantly, to achieve the same predic-
tion performance for the CIFAR-10 2-class Non-ii.d. dataset, FedAT
requires up to 1.28X less data uploaded to the server, again demon-
strating the efficiency and effectiveness of the model compression
method used by FedAT.

7.2.2 The Accuracy vs. Communication-Cost Tradeoff. Next, we ex-
plore the accuracy vs. communication-cost tradeoff by varying the
precision of FedAT’s compressor. Precision 3 (i.e., a precision of
three decimal places) leads to the worst prediction performance, as
shown in Figure 5. This is because compressing the model by keep-
ing only three digits after the decimal loses much information that
is needed to converge the model; as a result, more training rounds,
and more data communication, are needed in order to achieve a
desirable accuracy. Precision 4 is robust enough to strike a balance
between the prediction performance and communication efficiency.
Precision 4 approaches the optimal accuracy achieved when no
compression is used (Figure 5(a)), while effectively reducing the
amount of data uploaded by 36.41% and 67.3% (given the same tar-
get accuracy of 50%) compared to Precision 6 and No Compression,
respectively (Figure 5(b)). FedAT achieves a compression ratio (i.e.,
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Figure 6: Comparison of FedAT’s weighted aggregation
heuristic vs. a uniform baseline that assigns uniform
weights when aggregating models from different tiers.
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the ratio of the data size after compression and before compression)
up to 3.5% overall. FedAT is configured to use Precision 4 as the
default compression configuration in all the other experiments.

7.3 Effectiveness of Weighted Aggregation

We validate the effectiveness of our weighted aggregation heuristic.
Weighted aggregation assigns more weight to the tiers that partici-
pate in the global training less frequently to prevent training bias
towards the faster tiers. As shown in Figure 6, the weighted aggre-
gation heuristic improves the best test accuracy by 1.39% to 4.05%,
compared to the baseline case, for the three datasets, demonstrating
the effectiveness of the proposed approach.

7.4 Large-Scale Training

In this test, we conduct large-scale experiments on the FEMNIST
and Reddit datasets with 500 participating clients deployed on 100
c5.2xlarge AWS EC2 VMs.

As shown in Figure 7(a), FedAT achieves the highest accuracy at
the early stage of the training process, while maintaining at least
1.2% higher accuracy than state-of-the-art synchronous methods,
FedProx and TiFL. The two asynchronous FL methods, FedAsync
and ASO-Fed, still perform worse than other synchronous methods.
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Figure 9: Prediction accuracy of CIFAR-10 (left) and Senti-
ment140 (right) as a function of the number of participating
clients in one iteration. This test compares FedAT against
three other FL methods (FedAvg, TiFL, FedProx), which all
feature synchronous updating,.

In addition, FedAsync and ASO-Fed see much higher communica-
tion cost than that of FedAT.

Although FedAT incurs higher communication cost than the
synchronous FL methods at the early training stage due to asyn-
chronous, cross-tier training, FedAT eventually achieves similar
communication efficiency as the synchronous methods when these
synchronous methods reach the highest prediction accuracy. This
is because, with more frequent model update between tiers and the
server, FedAT converges faster than synchronous baselines.

Figure 8 shows the prediction accuracy and loss on the Reddit
dataset. Asynchronous FL baselines (FedAsync and ASO-Fed) have
much lower prediction performance with no convergence trend
on the Reddit dataset, therefore we omit their results in this test.
We compare FedAT with TiFL and FedProx, which perform the
best among all baseline FL methods. As shown in Figure 8, we
observe similar learning trend for the three frameworks, but FedAT
has better prediction performance. Figure 8(b) shows that FedAT
achieves the lowest loss during the whole training process.

7.5 Sensitivity Analysis

7.5.1 Impact of Client Participation Level. We next conduct a sen-
sitivity study to quantify the impact of client participation level
on the training accuracy. In a real-world situation, for the commu-
nication efficiency consideration, it is often desirable to have as
few clients as possible that participate in each global iteration. In
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Figure 10: Comparison of prediction accuracy over time on
FEMNIST under different configurations of client distribu-
tion across tiers.

FedAvg, if a non-representative subset of clients is selected, the
optimization process can deviate away from the minimum, which
might lead to catastrophic forgetting [13]. Although TiFL adopts
the same tiering strategy as FedAT, TiFL achieves a similar perfor-
mance as FedAvg. This is because, as discussed in §2.1, TiFL uses the
same synchronous update scheme as FedAvg, and tiering inevitably
slows down the convergence speed but may not affect the final
prediction accuracy when the training eventually converges.

We observe in Figure 9 that reducing the level of client partici-
pation has negative effect on all of the four FL methods. FedAT is
robust in the non-i.i.d. case, where the prediction accuracy slightly
decreases when the number of client participation decreases. While
partial participation may reduce the convergence speed of FedAT ,
the optimization can still achieve an optimal solution with the local
constraint term. FedAT suffers much less from a reduced participa-
tion level than FedAvg and TiFL. Even in the extreme case where
only 2 out of 100 clients participate in each round of training, Fe-
dAT still achieves 14.47%, 14.28% and 16.93% higher accuracy than
FedAvg, TiFL, and FedProx on CIFAR-10, respectively. This is be-
cause the asynchronous, cross-tier training allows more clients to
contribute to the global model, thus increasing the test accuracy
on all clients.

7.5.2  Impact of Number of Clients in Tiers. We next evaluate the
robustness and resilience of FedAT to changing number of clients in
different tiers. We partition a total of 500 clients to five performance
tiers, where each tier either has good resources or less amount of
training data. Specially, we test the following four configurations:
Uniform: the baseline configuration that assigns the same number
of clients to each tier with a distribution of 100/100/100/100/100.
Slow: where the slowest tiers (i.e., Tier 5) has the largest number of
clients with a distribution of 50/50/100/100/200. Medium: where
the medium tier (i.e., Tier 3) gets the largest number of clients with
a distribution of 50/100/200/100/50. Fast: where the fastest tier
(i.e., Tier 1) has the largest number of clients with a distribution of
200/100/100/50/50. As shown in Figure 10, all the four partition
configurations eventually converge with close prediction perfor-
mance, thanks to FedAT’s hybrid, synchronous, intra-tier training
and asynchronous, cross-tier training strategy. Slow and Medium
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converges slightly faster than Fast, since clients in Fast configura-
tion either have good resources or less amount of data. As a result,
training for the same number of rounds yield less accurate model
in Fast configuration as we are training on overall less amount of
data. The results indicate that varying the tier sizes would affect
the convergence speed marginally but would not impact the model
performance eventually when the training converges.

8 Conclusion

We have presented FedAT, a new FL method that maximizes the pre-
diction performance and minimizes the communication cost using
a tiered, hybrid synchronous-asynchronous training mechanism.
FedAT cohesively synthesizes the following modules: (1) a tiering
strategy to handle stragglers; (2) an asynchronous scheme to update
the global model among tiers for enhanced prediction performance;
(3) a novel, weighted aggregation heuristic that the FL server uses
to balance the model parameters from heterogeneous, straggling
tiers; and (4) a polyline-encoding-based compression algorithm to
minimize the communication cost. We have provided rigorous the-
oretical analysis for our proposed method for two general classes
of convex and non-convex losses. We show that FedAT has prov-
able model performance guarantee. Our evaluation has empirically
validated our theoretical analysis, and demonstrates that FedAT
achieves the highest prediction performance, converges the fastest,
and is communication-efficient, compared to state-of-the-art FL
methods.
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Appendix

A Theoretical Analysis of FedAT

We analyze FedAT in the setting of both convex and non-convex situations in this section.
Recall that w’ is the model parameters of the server maintained at the ¢-th round. Let §; (w?) = 1 KJ—’Zth(wt ), in which, N, is the

Ttier -m
total number of data samples across all ¢ clients at tier m. Therefore, w'*! = w? — %qg}(wt),

A.1 Proof of Lemma 5.1

To prove Theorem 5.1, we first introduce two Lemmas.

Proor. Using the notion of y-inexactness for each local objective. We have

Vh(w') = F (wh) + A(w! = wp) (12)

IVhe (wHII < yIIVE(w))l| (13)

With g; (w?) = 22:1 K,—’Zth(wt), we can get

1
llge (w)II? = Fllmwn(wt) +n2Vhy (W), .., +nc Vhe (wh)| 2

Cc

1 2 t t 12
< N_CZ - NZ||[Vhi(w') + Vhg(w')+, .., + VA (w)]| (14)

< ||V (WP (K = argmax Vg (w)

A

< m?y? ||V (wh||?  (with Eq.(13))
Take expectation of both sides and with Assumption 5.2, we have

Ellge (wh)I> < m?y*E||VFe- (w")||?

15
< yszcz 13)
o
A.2 Proof of Lemma 5.2
PROOF. f(w) is p-strongly convex, we can get:
FO) = ') 2 (TF ()’ = ')+ B’ = | (16)
Let us define I'(w”) such that:
T(w) = f(wh) +(Vf(w),w' = wh) + gllw' - wi? (17)
T'(w’) is a quadratic function of w’, then it has minimal value when VI'(w’) = Vf(w’) + g(w’ — w’) = 0. Then the minimal value of T'(w’)
l
is obtained when w’ = w! — w, which is:
V£ (wh)|I?
Tin = (1) = T (19
For f(w) is p-strongly convex, we can complete the proof:
IVf (wh)][?
£ 2 T = T = ) = L (19
2u(f(wh) = f(wa)) < IVF(w)I%, (20)
o

14
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A.3 Proof of Theorem 5.1
Proor. Now we start to prove the convergence of Theorem 5.1. With Definition 5.1 we can get:
i = f(wh)
L
< (VF(WhH, wht —wh) + §||wt+1 -wi|2  (f() is L-smooth)

2
Ttier(M+ -m) LI]2 Ttier(M+ —-m)
= —Vf(Wt)TTlﬂg_t(Wt) + TTIHQ_t(Wt)HZ (w

1 Ttierati-m)

g (w'))

Let B = m Then with Lemma 5.1, we can update Equation 21 as
E[f(w*)] - f(w")
<=V (w)TBrEIg (w)] + £ Bl g (w)I
<~V F(w) T BrELg (W] + Try B G

Then from Assumption 5.3, we have

E[f(w'*h)] = f(w))
< ~Brol|VF )| + PP BEGRE
Then with Lemma 5.2, Equation (23) can be updated as
E[f(w')] - f(wh)
< ~2uBno(F(w') = flwn)) + PP B GR
By subtracting f(w) from both sides and moving f(w?) from left to right, we get
E[f(w™*D)] = f(w.)
< —2uByo(f(w') = f(w)) + (f(we) = f(ws) + %'72}’2326202
= (1~ 2uByo) (f(w') — () + TP BGRe?
Taking the whole expectations and rearranging (25), we obtain
E[f(w™*h) = f(ws)]

< (1= 2B B{(F(w) = fwa))] + S B 6P

subtracting W from both sides, we have
Lyy?BG?c?
E[f(w'™*h) = f(w.)] - e
o
Liny?*BG?¢?
< (1= 2uBno) BL(F () = flw)] = =)

(1)

(22)

(23)

(24)

(25)

(26)

@7)

The left side of (27) is a geometric series with common ratio 1 — 2uBno, when t +1 = T, we get Equation (10), then we complete the proof. O

A.4 Proof of Theorem 5.2

Proor. Take expectation at both sides of Equation (23), we have
E[f(w™*h] —E[f(w")]
< =ByoE[||Vf (wo)l[*] + §n2y23262c2
Then sum Equation (28) at both sides over global iteration T. We have

E[f(w'™*)] - f(w°)
T-1

< > ~ByoEl||Vf (wo)ll’]
=0

15

L
i ETznzyszGzCz

(28)

(29)
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As min f(w?) = f(w.) < E[f(w'*])], then we have

T-1
Flw) < FW0) = " BraBllIVf (w)ll*]
t=0

(30)
L
+ ETZUZ}/ZBZGZCZ

Rearrange (30) we can get

T-1

> BE[IVF(wo)ll’]

£=0 (31)

0y _
< FOWD) = flws) + LTZIH/ZBGZCZ
Bno 20

Then we complete the proof. O
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